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CALCULATION OF THE FRICTIONLESS INCOMPRESSIBLE FLOW FCR
A GIVEN TWO-DIMENSIONAL CASCADE (DIRECT PROBLEM)

By Hermann Schlichting
ABSTRACT

A simple method for calculating the frictionless incompressible
flow through a two-dimensional cascade is described for the case where
the blade and cascade geometries are prescribed and the aerodynamic
coefficients and pressure distributions are desired. The calculation
method which makes use of a continuous vortex and source-sink distri-
butions is set up in such a manner that each geometric parameter can
be varied independently. Measured values of pressure distributions
agree well with those calculated by present theory.
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NATTIONAL AERONAUTICS AND SPACE ADMINISTRATION

CAICULATION OF THE FRICTIONLESS INCOMPRESSIBLE FLOW FOR
A GIVEN TWO-DIMENSIONAL CASCADE (DIRECT PROBLEM)*

By Hermann Schlichting
1. INTRODUCTION®

For further developments in jet-engine design, a deeper under-

- standing of the physical flow processes is indispensable today. For

axial-flow machines, the flow problems are centered around the so-called
cascade obtained by developing a coaxial cylinder section through the
rotor and the stator. Necessarily, the starting point for all investi-
gations on cascade flows rust be the incompressible flow through a two-
dimensional cascade. Only when this flow can be controlled, can one
hope to do fundamental research regerding the remaining influences as,
for instance, wall and clearance losses, compartrenting, ccmpressibility,
and centrifugal forces.

At the Institute for Flow Mechanics of the Technical Academy of
Braunschweig, systematic cascade investigations, theoretical as well
as experimental (ref. 1), have been under way for several years. Earlier
thecretical investigations on cascade flows were based throughout on
frictionless fluids; the above named investigations took into account,
for the first time, the friction of the fluid also, by means of
boundary-layer theory considerations (ref. 2). This maskes it possible

*¥"Berechnung der reibungslosen inkompressiblen Strdmung fir ein

vorgegebenes ebenes Schaufelgitter." VDI - Forschungsheft 447, Edition B,
Vol. 21, 1955.

lThe author has lectured on the method in excerpt at the flow con-
ference of June 9-11, 1954 in Ziurich, arranged jointly by the VDI -
Branch Committee for Flow Research, the Swiss Engineers' and Architects'
Association, and the Confederate Technical Academy Zirich. The investi-
gations were supported by the German Research Association. L. Speidel
tested the calculation method within the scope of the cascade research
program of the Institute. The measurements used for comparison with
the theory (section 6) have been taken from as yet unpublished voluminous
experimental cascade investigations by N. Scholz. Contributions to
these investigations in the form of theses and research memoranda of
the Mechanical Engineering Department of the Technical Academy of
Brauschweig were made by K. H. Grewe (1951), J. Vahlbruch (1950),
W. Richter (1952), and H. Sch#ffer (1951).
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to determine theoretically the loss coefficients of a cascade which
govern the efficiency of the turbo-machine. The aim of the cascade
. investigations is to indicate, for a given application, cascades of

.’.
e optimum efficiency. For this purpose, the connection between the
A geometric and the aerodynamic parameters of a cascade must be known.
o00s
[ ]

The geometric parameters of a two-dimensional cascade are, according
to figures 1(a) to 1(c), the blade profile and the cascade geometry which
is determined by the pitch ratio t/l (where t denotes the spacing, 1
the blade chord), and by the blade angle Bg- As aerodynamic parameters

we designate the inflow and outflow velocities W; and W2, the inflow
and outflow angles B, and Bp, the pressure chenge Ap = Py - Py in
the cascade where Py and p, denote the static pressures in front

of and behind the cascade, the pressure distribution p(x) on a cascade
blade, and the energy loss in the cascade which, for incompressible
flow, is best measured as total-pressure loss Ap =P - P ., with

g gl g2

P and pg2 denoting the total pressures in front of and behind the

gl
cascade. From the pressure distribution on the cascade blade we may
then determine the resultant blade force.

The connection between the geometric and aerodynamic parameters is
found in two steps: (1) determination of the pressure distribution on
the blade, according to potential theory, for frictionless flow and
(2) calculation of the blade-boundary layer and the flow losses from
this pressure distribution. Here we shall treat only the first step.
Two main problems must be distinguished: for the first main problem,

Bl and B are thus given the velocity triangle; the cascade and blade
geometry and the pressure distribution on the blade are the desired
quantities (for instance, with the secondary condition that the distri-
bution should be "as favorable as possible with regard to the flow
losses"). For the second main problem the cascade and blade geometry
are given and the pressure distribution on the blade, the blade force,
and the outflow direction as a function of the inflow direction are
desired. For the first main problem, therefore, the aerodynamic param-
eters of the cascade are given and the geometric parameters are desired;
whereas the second main problem represents the inverse case. The first
main problem is applied chiefly for practical design problems (for
instance, selection of an optimum cascade for given operational condi-
tions); the second main problem is applied in systematic cascade

2L. Speidel (ref. 3) reported recently on voluminous results
regarding systematic calculations of the loss coefficients (second step)
for unstaggered cascades. Communication of results for staggered cascades
will follow.



investigations where, for instance, the geometric cascade parameters

are varied in order to find the most favorable cascades. Also, the
second main problem is applied for "checking" a cascade of predetermined
geometry, which frequently occurs in practice.

For the first main problem (inverse problem), N. Scholz (ref. 4)
indicated recently a convenient calculation method. In what follows,
we shall treat the second main problem (direct problem) exclusively.
Both methods are based on the interpretation of cascade flow according
to lifting-surface theory where, in contrast to the tunnel flow, the
individual blade is interpreted as an airfoil and where the mutual inter-
ference of the blades plays an important part. For the single airfoil,
the connection between the geometric and the aerodynamic parameters has
been largely clarified by theoretical and experimental investigations.
For the cascade, however, we are still a long way from having deep
insight, due to the larger number of geometric and aerodynamic parameters.

The potential flow of a two-dimensional cascade msy be calculated
with the aid of conformal mapping or according to the singularity method.

For the conformal maepping which is limited exclusively to the two-
dimensional problem, the flow around the infinite row of congruent blades
is reduced to the well-known circular-cylinder flow by means of a com-
plex transformation function (cf. F. Weinig, ref. 5; I. E. Garrick,
ref. 6; and W. Traupel, ref. 7). This method does give an exact solution
of the flow problem but is so troublesome with respect to numerical per-
formance, even for simple blade shapes, that the investigation of a
larger number of cascades is, in practice, not possible. In particular,
neither the first nor the second main problem can be solved directly by
means of this method; nor can a row of cascades be investigated where
only one geometric cascade parameter varies - for instance, the pitch
ratio - but all others are to be fixed.

In the singularity method, the blade contour is replaced by
singularities (vortices, sources, and sinks). This method is funda-
mentally suitable for the three-dimensional case also; it was used by
N. Scholz (ref. 4) for the solution of the first main problem and will
likewise be taken here as a basis for the solution of the second main
problem. The singularity method offers the opportunity to make, in a
simple manner, the transition from the single blade to the blade in
cascade configuration and thus to express the influence of the cascade.
For the single airfoil this method was first applied by W. Birnbaum
(ref. 8) and H. Glauert (ref. 9); later, it was developed to great
perfection by F. Riegels (ref. 10) and H. J. Allen (ref. 11). The first
applications to a cascade stem from M. Schilhansl (ref. 12) and A. Betz
(ref. 13). J. Ackeret (ref. 14), E. Pistolesi (ref. 15), V. Lieblein
(ref. 16), and R. A. Spurr and H. J. Allen (ref. 17) contributed to the
future improvement of this method for the cascade. S. Katzoff, R. S. Finn,



and J. C. Laurence (ref. 18) work partly with the conformal mapping,
partly with the singularity method which is rather troublesome numer-
ically. In some cases, for simplification of the calculation, vortex
and source-sink distributions are assumed along the length of the blade
chord and are arranged on a straight blade chord line instead of on the
mean chamber line. Just as in the theory of W. Birnbaum and H. Glauert,
this means a good approximation only for moderste chamber of the blades,
as in the case of compressor cascades. We shall also use this simpli-
fication; however, an extension to large blade cambers, like those in
turbine cascades, is possible in principle.

For the rest, we choose for the solution of the second main problem
a method which has already proved satisfactory for the single airfoil
(refs. 19 and 20). From this application it is known that the exact
solution leads to an integral equation which should be satisfied along
the entire prescribed blade contour but may be solved approximately
by satisfying it only at a few discrete points (the so-called control
points). Thereby the solution of the integral equation is reduced to
the solution of a linear system of equations. Since convenient methods
with high accuracy are known for determining the veloclty distribution
on the single profile (refs. 10 and 11), we shall, in the calculation
method for the cascade, omit representing simultaneously the single
profile with great accuracy. Rather we shall emphasize a good expres-
sion of the influence of the "cascade geometry," that i1s, the pitch
ratio and the stagger angle.

The method for determining the aerodynamic coefficients for a
prescribed cascade described below leads to two systems of linear equa-
tions for the coefficients of the circulation distribution and the
source distribution (usually two systems of six equations with six
unknowns each). Certain fixed values which appear in these systems of
equations and are rather hard to calculate, were listed universally in
tables as functions of the pitch ratio t/Z and of the stagger angle A
(so-called downwash tables). By this means, the greatest part of the
calculation is taken care of, once and for all, for every individual
case of a cascade; there remasins only the solution of the two systems
of equations and, then, the determination of the aerodynamic coefficients
and the pressure distribution. According to experience up till now,3
the complete calculation of a cascade according to potential theory
(aerodynamic coefficients and pressure distribution) for six different
inflow angles requires about 20 to 25 hours for a trained computer.

3T_he calculation method served as a basis for systematic theoretical
investigations regarding the loss coefficlents of cascades; a few results
had already been given in references 1 and 3.



2. BASIS OF TEE METHOD

2.1 The Kinematic Flow Ccnditions

The flow of a frictionless incompressible fluid about a prescribed
body is obtained, according to the sirgularity method, by replacing the
body by & suitable source-sink and vortex distribution in its interior
and superimposing a translationsl flow on this field. The singularities
are determined from the kinematic flow condition, according to which on
the entire boundary of the body the resulting velocity, that is, the
sum of the translational velocity and the velocity induced by the sources
and vortices is tangential to the contour. In order to produce the flow
about a cascade blade according to this method, we choose a suitable
linear-type continuous source distribution q(x) and a vortex distri-
bution 7(x), where x signifies the coordinate in the direction of
the blade chord 1.

The general case of a profile of finite thickness and a camber
different from zero may be represented, for moderate thicknesses and
cambers, by superposition of a thickness distribution and a mean camber
line (figs. 2(a) to 2(e)). If y,(x) and y,(x) signify the profile
coordinates perpendicular to the x-direction on the lower and upper
sides of the profile, respectively, and if yd(x) and y (x) are the

corresponding coordinates of the thickness distribution or the mean
camber line, there applies

]

y(x) %[yo(X) + yu(xa (1)

and

h

Ya(x)

Uy - () (2)

According to the singularity method, we may represent the flow
around a cambered, lift-producing profile as a superposition of the flow
about the uncambered profile without incidence and the flow about the
mean camber line with incidence. We have therefore to superimpose:

(1) the flow about the uncembered profile (source distribution q(x)
and the velocity component U, of the translational flow parallel to
the chord) and (2) the flow about the mean camber line (circulation

distribution 7(x) and the translational flow which consists of the
components V, and Ug,.

[v ]

Strictly spesking, the singularity distributions q and 7y should
be placed on the mean camber line. For moderate heights of camber £,



however, they may be located with good approximation on the profile
chord, as mentioned before; considerable simplification of the calcu-
LI lation is thus obtained. The range of application of the method remains
thereby limited to cascades of moderate camber (about f/Z < 0.1 to 0.15).
For compressor cascades this is sufficient in most cases, whereas the
- calculation method for strongly cambered turbine cascades requires an
oo extension.

The integral over the circulation distribution 7(x) per unit
length gives the total circulation @' of a blade according to

1
r fxc 7(x)ax (3)

Hence follews, according to W. Kutta and N. Joukowsky, the lift A of
a blade per unit width as

1

A=pWoI-= pwmj 7(x)ax (&)
x=0

- with p as density of the fluid and W, = Ug + Vz as amount of the

translational velocity. For the single profile, the 1ift A acts
perpendicular to W_. Equation (4) likewise applies to the cascade if
- we understand by W_ the vectorial mean of the inflow velocity Wl

and the outflow velocity W,. (Compare fig. 1(a).) The source-sink
distribution q(x) must satisfy the condition

-
; / a(x)ax = 0 (5)

x=0

so that a closed contour (uncambered profile) results for the thickness
distribution.

The kinematic flow condition for the relationship between the
prescribed contour and the pertaining singularity distribution likewise
may be split up into two conditions, corresponding to the decomposition
of the profiles into the mean camber line and the thickness distribution.

- If u and v denote the x- and the y-component of the velocities
induced by the vortex and by the source-sink distribution, the kinematic
flow condition for the mean camber line according to figure 3(a) (first
kinematic flow condition) reads




dyg/ax = (voo n v)/(Uw + u) (6)

For the thickness distribution, the source distribution q(x) 1lies,
according to figure 3(b), on the profile chord. Here the condition
st be satisfied that the contour is identical with the streamline
which separates the external translational flow from the internal
scurce-sink flow. By applying the continuity equation to the area
thickly outlined in figure 3(b), we obtain

/ 1 / [ dyg
KUm + u)yd + > q dx = \Uw + u)\yd + —= dx)
or

dyg fax = q(x)/z(Um + ) (7)

as the second kinematic flow ccndition. Here, too, we shall take the
values of u and v, not on the contour, but on the blade chord (thus,
for y = 0). Equations (6) and (7) apply in the same manner for the
single profile and for the blade in the cascade configuration. The
influence of the cascade is ccntained implicitly in the induced
velocities u and v. The single profile results as the limiting case
of a cascade with the pitch ratio t/l = o.

2.2 The Induced Velocities

For a prescribed cascade we calculate, first, from equations (6)
and (7) the singularity distributions 7(x) and q(x) and, next, from
these, the aerodynamic coefficients. The first step of this calculation
(determination of 7(x) and q(x)) is rather laborious since the induced

velocities must first be determined from Biot-Savart's law. The second

step (determination of the aerodynamic coefficients for known circulation
distribution), in contrast, prcves to be very simple.

For the single profile (characterized by subscript E) which extends
from. x =0 to x =1 (compare figs. 2(a) to 2(e)) and has a circula-
ticn distribution 7(x) and a source-sink distribution q(x) along the
chcrd, we obtain for the induced velocity wE(z) at an arbitrary point
of the x,y-plane, in complex notation



[ ! s 1
. a(x') + ir(x")
wE(z) = ug -ivg = é; — dx!

(8)

x'=0

where x and x' denote, respectively, the real coordinates of the
control point and the running point along the source distribution.
According to assumption, the induced velocity is needed only on the
chord, that is, for z =x with 0 <€ x < 1. This velocity is,
according to equation (8)

[2 1 : '
x') + iy(x
WE(X,O) - _]_._ Q.( ) 7( ) ax' (9)
an x'=0 X - X!
with a singularity at x' = x. The integral is to be interpreted as a

Cauchy main value. If the induced velocity is split up into the contri-
butions of the vortex and source distributions (denoted by subscripts ¥
and q), that is, if we write

U.E = u,),E + qu VE = V.’E + VqE (lO)

there follows from equation (9)

I
+
(o] [
=
—
b
~—
<
2
]

i '
wg =t 1 j; SO (11)

=-2—1t v__.oX'-X

and

1 bog(x')

YE T 2x

dx' v.o =t L q(x) (12)
x'=0 X - x' qE 2

The plus sign applies for the upper side, the minus sign for the lower
side of the profile.

For the cascade whose geometry 1s fixed, according to figure 1(v),
by the angle of stagger A and the pitch ratio t/1, we obtain, if 7(x)
and q(x) are prescribed along each of the blade chords, the following
expression for the induced velocity field (compare E. Pistolesi (ref. 15)
or N. Scholz (ref. 4)):



l
wiz) = %i_)\»/;eo E;(x') + i7(x'):|coth<n _z__;_x_'_ ei)‘>d.x' (13)

or for the value on the chord (z = x)

w(x,0) u(x) - iv(x)

: [2
ﬁ [ i t th x - x! i)\)dxl
o k/;'zo [é(x ) + iy(x i]co 1 = e

(1%)

"

This integral also is to be interpreted as a Cauchy main value. For
the limiting case t/l- o, equation (14) is transformed into equation (9)
for the single airfoil.

If we now visualize the expressions resulting for the induced
velocities u and v (for the single airfoil equations (11) and (12),
for the cascade by splitting-up of equation (14)) as introduced into
equations (6) and (7), we recognize that from them two coupled integral
equations for 7y(x) and gq(x) result. An analytic or an exact
numerical solution of these integral equations does not appear possible
for the general case of an arbitrary cascade. We therefore choose an
approximation method where we satisfy the two kinematic flow conditions
R which have to be fulfilled over the entire length of the blade chord

0<x<S 1, only at a few discrete control points. Thus we reduce the
scluticon of the integral equations to the solution of two systems of
linear equations for certain free coefficients of the circulation and
source distribution. We shall discuss below this method of control
points, first, for the case of the single blade and shall transfer it
later to the cascade.

3. PERFORMANCE OF THE CAICULATION FOR THE SINGLE PROFILE

3.1 Expansion in Series According to H. Glauert

For the single profile, the angle of attack a, of the chord with

respect tc the direction of the translatiocnal flow, according to fig-
ure 2(b) is, generally, small; thus u << U,. We may therefore simplify

equaticns (6) and (7) by neglecting u compared to U,. Furthermore,
we nmay replace the y-component of the induced velocity Vg = vyE + VqE

- by Vg = V7E because on both sides of the chord, according to



10

equation (12), VqE has opposite signs, thus is, on the average, equal

to zero on the chord. Thus, the simplified kinematic flow conditions
for the single profile read

dys/ax = (V, + v,g)/Us (15)
and
dyg/ax = q(x)/2u, (16)

By the simplification we perceive that, first, both conditions are now
independent of one another (the first contains only the circulation
distribution, the second only the source distribution) and, second, that
now only the first condition represents an integral equation for 7(x)
whereas q(x) may be determined from the second condition by & simple
quadrature. Both circumstances contribute considerably to facilitating

the calculation.

Another circumstance which mskes the calculation for the single
profile much simpler than that for the cascade is the fact that, if
7(x) and q(x) are suitably selected, the integrals for the induced
velocities on the single airfoil may be evaluated analytically
according to equations (11) and (12), which is impossible for the
corresponding integrals of the cascade according to equation (14). This
is the more significant, as in both cases these integrals contain for
the induced velocities a singularity which is rather inconvenient for
& numerical quadrature.

In order to be able to calculate the induced velocities for the
single profile conveniently, we expand 7(x) and q(x) according to
H. Glauert (ref. 9) and H. J. Allen (ref. 11) into a trigonometric
series and introduce instead of the coordinate x +the trigonometric
variable @ according to

x=-;-(l— cos @) (17)

l+We shall note here that neglecting u compared to U, which

leads to this essential simplification for the single profile, is
generally no longer permissible for the cascade, since, in the case of
narrow spacing or large deflection, the induced velocities u and v
become comparable to U_, due to the mutual interference of the blades.
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so that @ = O denotes the leading edge and @ = n the trailing edge.
For the circulation distribution we write

7(x) = 2UwQ\0 cot g + Ay sin @ + Ay sin 29 + . . ) (18)

and, correspondingly, for the source distribution

RS

q(x) = 2U, Bo(cot = - 2 sin Q) + 32 sin290 + . . . (19)

no

with Ay, Ay, Apy o .« and By, By, Bp, . . . as free coefficients

which have to be ascertained from the kinematic flow conditions. In the
expression for the source distribution, the first two terms must be
corbined so that the closed-contour requirement, equation (5), is
satisfied term by term.

By evaluating equations (11) and (12) with equations (18) and (19)
we obtain for the induced velocities the explicit analytical expressions

ug = tUm[fo cot % + Ay sin @ + Ap sin 29 + . . E] (20)
VoE = Uw[;AO + A) cos @ + Ay cos 29 + . . ;] (21)
UgE = Uw[%o(l + 2 cos @) - B, cos 29 - Bz cos 3P - . . {] (22)

VE = tU(°|EBO (cot g - 2 sin cp) + By sin 29 + By sin 39 + . . J (23)

3.2 Systems of Equations for the Coefficients of
the Singularity Distributions

For a prescribed carber distribution ys(x) and thickness distri-
bution yd(x), the coefficients Ag, Ay, A, . . . and
BO’ Bo, B5, . . . are to be determined from the kinematic flow
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conditions, equations (15) and (16). From these there results, if we
introduce VaE according to equation (21), and q(x) according to

equation (19) and denote derivatives with respect to x by primes

-Ag + Ay cos P+ A cos 29 + . . . = <K + yi(x) (2k)

and

Bo<cot g - 2 sin cp) +Bysin 20 + . . . = yc‘l(x) (25)

In equation (2k)
K = tan o = Vm/Uw (26)

denotes the parameter for the angle of attack of the profile. Since
equations (24) and (25) are to be satisfied in the entire profile
region 0 € x € 1, an infinite number of coefficients is required in
the general case. In practical calculations, however, we try to manage
with the smallest possible number of coefficients. Then the kinematic
flow conditions can be satisfied at only as many discrete points
(control points) along the length of the blade chord as terms are taken
in equations (18) and (19). Thus the question arises as to the distri-
bution of these control points over the length of the blade chord in
order to attain an optimum approximation to the exact solution with the
smallest possible number of terms.

For this purpose, the so-called three-quarter chord theorem has
been successfully applied in a number of cases (refs. 19 and 20). This
theorem states that, if only one control point is selected, it is to be

placed at the point x = % . For n control points, we divide the
entire length of the profile chord into n equal strips each with a

chord 1, = % and assume the control points at the 2 lp, points. Thus

4
we have one control point at xp = E l, two control points at X = % i
and X, = % l, three control points at Xy = i% 1, Xy = %EZ, and
Xz = %% l, or generally n control points at
n -

Ln



15

with v=1, 2, . . . n. With use of the three-quarter chord theorem,
the kinematic flow conditions, equations (24) and (25), are replaced by
the two systems of equations

-ag + Ay cos 9{®) 4 ay cos 2 ()L °°S[En - 1)¢v(ni] )

X + ¥, E(v(n):l

(28)
and
(n) ,
BO cot 235—— - 2 sin ¢v(n) + B2 sin va(n) + . . Bn sin[émv(nzl =
2 i) (29)
with
cos Qv(n) =1- (4% -1)/2n (30)

We thus obtain for n control points two systems of n equations each
for AO, Al’ . . . An_l and BO’ B2, .« .. Bn' The values of the

trigonometric functions at the contreol points Qv(n) may be calculated
universally.

It is expedient, for the evaluation of equation (28), to subdivide
the coefficients Agy, Ay, - - & into a contribution of the angle of

attack (second subscript pB) and a portion independent of the angle of
attack (second subscript 0).” We assume

Ao = Ago *+ Khop

(31)

SFor the single airfoil the portion independent of the angle of
attack is given by the profile camber; for the cascade it is produced
by the induced velocities of the cascade; thus it appears also for
syrazetrical profiles.



1k

Thereby we obtain, instead of equation (28), the two systems

-AOO + Alo cos CPv(n) + Ago coSs 2(Pv(n) + . ¢ o +

re A(n—l),O cosl:(n - l)cPv(n)] = yéE‘v(nﬂ (32)

--AOB + Ajg cos @v(n) + AEB cos 2¢v(n) + o0 o. .+

A(n-1),8 cos[én - l)@v(n{] = -1 (33)

The system according to equation (33) has for an arbitrary n 2 1 the
solution

AOB=1 AlB=A2B=..o=O

so that equation (31) is simplified to Ay = Agy + K, Ay = Ay, « .

. This means that, for arbitrary thickness and camber distribution, the
circulation distribution stemming from the angle-of-attack parameter
tan a, = K 1is, as for the flat plate, equal to 2V_ cot (9/2).

For a prescribed single profile we must therefore solve the two
systems, equations (32) and (29). The solution of equation (32) yields
the additional circulation distribution due to the camber; the solution
of equation (29), the additional velocities due to the thickness. The
explicit systems of equations for one control point as well as for two
and three control points are given in table 1.

3.3 Aercodynamic Coefficients
After the coefficients of the singularity distributions have been
determined, the aerodynamic coefficients can be obtained from them very

simply. In the total circulation only the two first terms of equation (18)
make any contribution. From equations (3) and (18) there follows

: r = vasi + 3 ) (34)
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and thus from equation (4) for the total 1lift of the wing per unit width

A= pUmeZ:t<A0 + % Al> (35)

For the 1ift coefficient cp defined by

¢y = A/% w21 (35a)

there results, consequently

Cp = 2n<AO + —é— Al>cos a,,
= zn[Kéoo + % Alo>cos a  + sin u%] (36)
and
(ch/dam)g,wr.o = 2n (563)

This value is exactly correct for the flat plate.

The velocity distribution WK(x) along the contour is obtained
from the velocity distribution Ug(x) along the chord line by means of
the relationship indicated by F. Riegels (ref. 10)

Wi[U, = (Us/Us) <1/\/1 + ygf) (37)
2

Here 1 \,l + yé is the so-called Riegels factor known from the

thickness distribution. The velocity distribution on the chord follows
from

Us=Uw+qu+u7E

or, after substitution of equations (20), (22), end (31) from
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(=]

ﬁi = [} + Bo(l + 2 cos @) - By cos 29 - 35 cos 39 - . . {] +

(AOO cot 2+ Ay sin @ + Ay sin 29+ . . .) t K cot 2 (38)

with the upper and lower signs for the suction and pressure sides,
respectively. Wy(x) may be conveniently determined from equations (37)

~and (38), after the coefficients of the singularity distributions have

been ascertained. In equation (38), the first term, in brackets, gives
the velocity distribution of the symmetizcal profile for symmetrical
approach flow; the second term, in parentheses, gives the contribution
of the camber for zero angle of atteck, and the third term gives the
contribution of the incidence of the profile with the angle

0 = arc tan K. This third term is the same as in the case of the flat

plate with incidence.

At the profile nose (x = 0, 9 = 0) generally Ug = » and thus
for the infinitely thin profile also, Wk = =. The pressure then has in
the neighborhood of the nose very large negative values (minimum-pressure
peek). The profile nose 1s in a flow either from below or from above.
The infinitely large velocity does not appear, however, if in equa-
tion (38) the terms with cot(9/2) vanish, that is, for

Ay =0 (38a)

In this case there is no flow about the leading edge; that is, shock-
free inflow occurs. At an angle of attack in the case of shock-free
inflow, which plays a role in the older literature on turbo-machines,
the front stagnation point, for an infinitely thin profile, lies exactly
on the leading edge. From equation (38a) there results for the angle

of attack pertaining to shock-free inflow (denoted by subscript st)

Ag = Ao + Kgt =Agp + tan agy = 0
tan .4 = -Ago (38p)

For profiles of finite thickness, the velocity at the nose remains
finite. Equation (37) yields for wK/U,,° at x = 0 the limiting

value w/w which, with RN as the nose radius, 1s calculated to be
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] (Wi[V) x=0 = Ag\[21/Ry (38c)

(1 J
:"'E (Compare ref. 3.) The concept of shock-free inflow according to equa-
esee tion (38a) is retained also for profiles of finite thickness since,
At with such profiles, for a, # Qegt & lerge local minimum pressure point

appears also in the neighborhood of the nose.

A comparison of the aerodynamic coefficients calculated according
" to this approximation method with exact solutions follows later in
section 3.5.

3.4 Checking of the Profile Shape

Since in the approximate method the prescribed profile is approxi-
mated at only a few control points by the tangents of the mean camber
line and the thickness distribution, it is expedient to check whether
it 1s represented with sufficient accuracy. This is possible by
comparison of the prescribed mean camber line and thickness distribution
with the corresponding values of the approximation polynomial. The
formulas required for this will be given here.

For the mean camber line, the approximate calculation yields, by
integration of equation (24) with V, = O3

s _ 1 - L o - -
T =3 Al(l cos 29) + B Ax(cos @ - cos 39)
%Z A5(l - 2cos 290+ cos 49) + . . . (39)

The thickness distribution follows likewise by integration from
equation (27)

6For Vo # O we obtain merely an additional inclination of the
rnean camber line (angle of incidence) which is unimportent here.
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?:%Bo<sin¢+-]2=sin 2@) +
L B3 sin @ - sin 39) +
%g B3(2 sin 29 - sin 49) + . . . (40)

The numerical evaluation of equations (39) and (40) is discussed in
section 3.5.

3.5 Examples
Before transferring the approximate method to the cascade, we
shall examine its usefulness for the single profile with the aid of a

few examples for which exact solutions are known.

3.5.1 The flat plate.- We assume the flat plate to have an angle
of attack a_. Since the camber is zero and therefore yg = O, there

results from equation (32), independently of the number of control
points selected

Aop =Ay0 = Az = .+ =0
According to equation (29) we have also
BO=B2=BB="'=O

Thus there follows, in corplete agreement with the exact solution, from
equation (36) for the lift coefficient

cp = 2n sin a,

and from equation (18), because of Aqy = K = Vm/Uw and Ay = Ay =. ..
fcr the circulation distribution

y(x) = 2V, cot %
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3.5.2 Parabolic profile.- For a parabolic prcfile with the camber £,
the chord of which coincides with the x-axis, there applies

yg(x) = 4f 3—{(1 - 3%)

We assume the direction of the approach flow to be parallel to the chord
3
il.

(ae = 0, that is, K = 0), and one control point to be chosen at xj = i

From the fulfillment of the kinematic flow conditions (equation (34)) at
this control point, we obtain the coefficient Al whereas we have to
assume

AOO=A20=A50='°’=O

Fer AlO we obtain, because of

cos Cpl(l) = - % and (yé)x=5l/1+ = - 2f/1

the values

1 - -
- 5 Ao = -2f/1 or Ajg = 4£/1
respectively. According to equation (31), BO = 32 = B3 =, .. =0.
Thus there results, according to equation (36), for the 1ift coefficient
cp = 4nf/1

and, according to equation (20), for the circulation distribution

y(x) = 8(£/1)U, sin @

Both expressions agree completely with the solution of W. Birnbaum for
the parabolic profile in the case of shock-free inflow (zero angle of
attack). If we calculate with several control points, we arrive at the
sare result, as may be easily confirmed.

3.5.3 Syrmmetrical Joukowsky profile.- Within the scope of the
approximate calculation, the symmetrical Joukowsky profile is the
simplest case of a profile of finite thickness, since it is represented
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by the first term in equation (19). A Joukowsky profile of the thick-
ness d has, for a moderate thickness ratio d/1, the thickness
distribution

y(x) = -5—33_3 d\}% (1 - ’—1‘)3/2 (41)

The greatest thickness lies at x . FYor the calculation with one

I e

1. From equation (41) there

control point we need yé for x

follows

(v4)x=31/4 = -83/9%

and thus from equation (29) as the qualifying equation for By

_ (2 /\B)Bo = -84/91

or
By = (u/a\B)(d/z) By =Bz =...=0

The approximate calculation with one control point yields, therefore,
according to equations (40) and (17), for the contour

2

3(3

yd(X) .d(sin P + % sin 2@)

1}
o,
]

in complete agreement with equation (41). The calculation with several
control points leads to the same result.

In the further examples, for single profiles as well as, later on,
for the cascade, we shall select three control points since this number
yields for the cascade results with fully sufficient accuracy so that
the considerably larger calculation expenditure for a higher number of
control peints is not worth while.
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3.5.4 NACA 0010 profile.- As another single profile we shall treat
a symmetrical profile of the old NACA system7 which will later be used

in the cascade also. The NACA 0010 profile has the thickness distribution

2 L
Z% = o.1h85\[% - 0.063%0 % - o.1758€§) + o.1h22<§>3 - o.o508<§> (ko)

with

= 3
t = 0. (i - 0. - 0. £4o0. ) - 0.203(% b
¥4 = 0.07k23 = -0 0630 - 0.3516 >+ 0 hz65(l) 0 203(1) (43)

Tables 2 and 3 contain, among others, the values of yd/l according to

equation (42), of yé at the three control points as well as the

factor \|1 + yég which is required for the calculation of the velocity

distribution according to equation (37). The solution of the system of
equations for By, By, B5 with these values of yél, y&z, yaj

yields the numerical values in table 4. Because of Vg = 0, the
coefficients Aqps AlO’ AEO are all equal to zero. With these values

we can, first, check the profile contour according to equation (40).

The approximate calculation agrees satisfactorily with the prescribed
contour (fig. 4). For the velocity distribution in symmetrical approach
flow, calculated according to equations (37) and (38) with X = 0, fig-
ure 4 likewise shows good agreement with the exact solution. Only in
the neighborhood of the trailing edge do somewhat larger deviations
appear which are, however, to be expected because of the differences in
the contours.

3.5.5 NACA 8410 profile.- Finally we shall calculate a cambered
profile of finite thickness which will also be used in the cascade
later on. The NACA 8410 profile, with the coordinates according to

7Systematics of the National Advisory Committee for Aeronautics.
Regarding the old NACA systematics, compare Jacobs, E. N., Ward, K. E.,
and Pinkerton, R. M.: The Characteristics of 78 Related Airfoil Sections
From Tests in the Variaeble-Density Wind Tunnel. NACA TR 460, 1933.
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tables 2 and 5,8 has a relative thickness % = 0.1 and a relative

camber % = 0.08. Table 4 contains the coefficients for the singularity
distributions. Figure 5 shows the result of the check of the profile
contour. The agreement with the prescribed variation is satisfactory
here, tco. Figure 6 contains the velocity distribution for different
angles of attack. The angle of attack a. g of zero 1lift is o, = -7.30;

the shock-free inflow corresponds to ag gt = 2.0°. For larger angles

of attack, a pronounced minimum-pressure peak appears in the neighborhood
of the nose on the suction side.

L. PERFORMANCE OF THE CAILCULATION FOR THE CASCADE

4.1 The Kinematic Flow Conditions

We shall now transfer to the cascade the three-quarter chord theorem
whcse applicability for the single profile was proved with the aid of
the preceding examples. In.contrast to the single blade, there exist,
fer the cascade, generally larger angles between the direction of the
approach flow and the blade chord, and the deflection caused by the
cascade, that is, the difference in direction between W, and W2,

can no longer be regarded as a small angle. Figures T7(a) and 7(b) show
the velocity diagram of a staggered cascade. The translational velocity
W, Thas, just as in the case of the single airfoil, the components Uy

parallel and V, perpendicular to the blade chord; however V_ now is
not always small compared to U,. The quantity W, denotes the trans-

laticnal velocity of the cascade, free from circulation (free from
deflection). For the cascade with deflection (with circulation) the
cascade induces an additional velocity parallel to the cascade front +Aw
which, far ahead of and far behind the cascade, has the same magnitude
tut cpposite signs. The inflow velocity W, far ahead of the cascade

is the resultant of W, and +Aw; the outflow velocity W2 is the

resultant of woo and -Aw. Between the circulation I' of a blade and

the induced velocity Aw there exists the relationship immediately
following from figures 7(a) and 7(b)

&w = T/2t (4k)

8We want to point out that the thickness distribution of the
NACA 8410 profile given in table 2 slightly deviates from that according
to footncte 7.
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Since, for the cascade, the induced velocities u and v generally
must not be neglected compared to U,, as they are for the single air-

foil, we have now to use the complete kinematic flow conditions according
to equations (6) and (7). For the further calculation, we shall write
the latter in the form

<

s

+ﬁv_w=yé<1+&) (45)

[

oo

and

lalx) . yé(l ¥ .P.> (46)

Uoo

These conditions, with the values of u and v, will be satisfied on
the chord also for the cascade.

4.2 The Induced Velocities

In order to be able to evaluate the kinematic flow conditions
according to equations (45) and (46) for the determination of the
singularity distributions, we must first obtain the induced velocities u
and v on the blade chord for the cascade just as before, for the
single airfoil. The general formule for these induced velocities of
the cascade was furnished by equation (14); however, the integral
contained in it cannot be solved analytically for the general case of
the staggered cascade (A # 0). Thus we are dependent on numerical
methods for the evaluation of this integral. In these methods the
singularity of the integrand of equation (14) is again troublesome for
x' = x which, however, stems only from the contribution of the single
airfoil. Since, for the single airfoil, all components of the induced
velocity could be evaluated analytically for the singularity distribu-
tions on the basis of the series according to H. Glauert (compare
section 3.1), it is possible to eliminate the singularity of the
integrand by subtracting the induced velocity field of the single air-
foil from that of the cascade. Therefore

W = Wp + Wg (47)

The subscript G denotes the "remainder of the cascade," that is, the
contribution of "all remaining" blades without the single blade con-
sidered. The explicit expression for wg foliows from equations (9)

and (14) by teking the difference, after introducing, in addition, the
dimensionless x-coordinates



£ = x/1 £ = x'/1 (48)
we cbtain
wo(8) = ug - 1vg
~1
Sl ) 4 ip(er et E - &' i?x)_; t/1 :
5 tu/§'=oEl<g ) + 1r(g HE coth(zr—tﬁ—- e  TC g,]dg,
(49)

This induced velocity field of the remainder of the cascade can be con-
veniently evaluated numerically since the influence function

-_l._i)\ g"g' iA _ltz
F(¢ -¢') =e COth(ﬁ'—€77-— e > i (50)
is regular for &' = & (on the further calculation of equation (49)

compare the following section 4.3 and later section T7.1).

4.% Expansion in Series

Corresponding to equation (47), the two components u and v of
the induced complex velocity w = u - iv also are split up into the
centribution of the single airfoil and that of the remainder of the
cascade

u = ug + Uy v =vg+ Vg (51)

We divide these parts again, as before for the single airfoil according
to equation (10), into the contributions of the circulation distribution
(subscript 7) and of the source distribution (subscript q)

Ug = WE * Ugg Ug = Yy * Uga (52)

Vg = V7E + VqE VG = V7G + VqG

The four cormponents of the single airfoil UyE> qu, VyEs and qu

are given in integral form by equations (11) and (12) and as explicit
formulas by equations (20) to (23), respectively.
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Similarly we obtain for the four components UyGs UqGs VoG and
Vqg Of the remainder of the cascade from equation (49), by splitting,
the integral representations

1
wg = -3 %f ARG (53)
g'=
1
Voo = T3 -];f 7(¢")R(F)ag’ (54)
£1=0
1
ag =32 [ JalenR(Ray! (55)
g'=
1l
e = -2 [ aema (56)
g'=

with R(F) and J(F) as real and imeginary parts, respectively, of
the function F(¢ - &¢') according to equation (50). If we introduce,
furthermore, into equations (53) to (56) for ¥(x) eand q(x) the
Glauert series according to equations (18) and (19), we obtain, in
analogy to equations (20) to (23)

Uy = Us(B08y0 + Argy1 + Apgyp + + - ) (57)
Vyg = Um(Aofyo + Ajfyy + Apfyo + . o .) (58)
uge = Us(BogBqo + Bofgp + B3ggs + -« - ) (59)
Vg = Un(Bofqo + Bofgn + B3fgs + - - ) (60)
In equations (57) to (60), the quantities 800 &y1r * ¢ - and
gqo, gqe, « « + denote the dimensionless induced velocities in the

x-direction caused by the vortex distribution (subscript 7) and the
source distribution (subscript gq), respectively. The same applies
for the quantities f70’ f7l’ . +« » and qu’ fqz, « « « Yregarding

the y-direction. All these quantities are functions of x/1, t/1, and
A. In the limiting process toward the single airfoil (t/l - x) all
these functions tend toward zero; they have been universally calculated
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in dependence on the three parameters x/1, t/1, and A. (Compare
later section 7.1 and the appendix "Cascade-Downwash Tables".) This
signifies an important advantage for the application of the calculation
rethod as will be shown later.

Since the kinematic flow conditions, equations (45) and (46), are
satisfied on the blade chord for the calculation method with the values
cf u and v, the two components of which WE and VqE have,

according to equations (11) and (12), opposite and equal values on

tcth sides of the chord, these two components are on the average, equal
to zero on the chord. Thus the values of u and v to be substituted
;ntg equations (45) and (L46) become, according to equations (51) and
(52

U= Ugp + Ugg + Wg (61)
V = VyE + Vog + Vg (62)?

I we substitute into equations (61) and (62) the values according to
equations (57) to (60) and according to equations (21) and (22), we
obtain, if we limit ourselves to three series terms, the expressions

u = Um[ongyo + Ajgy) + Agsyg) + (Bosao + Boglo + B38§;ﬂ (63)

v = U, ,:(Aof’;o ATE 4 AN, 4 AER) 4 (BOE )+ BT, + Byt qi):l
(64)

which are also valid for the kinematic flow conditions only, with the
abbreviaticns

1
gao = gqo + 2 cos @+ 1 f?o = fyo -1
% = - *_ =
ng gqg cos 29 f7l f7l + cos @ (65)
gai = gq5 - cos 39 f;e = 15‘72 + cos 29 r
f;3 = f73 + cos 5¢:

9'I‘his is nct valid for determining the velocity distribution on the
ccntour. For this, only u is needed. The different signs of
indicate the velocity difference at the opposite points of the suzz§on
ard pressure side.
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which represent the total dimensionless induced velocities for the
remainder of the cascade plus the single blade. Thereby the induced
velocities are furnished to the extent that the coefficients of the
circulation and the source distribution can be determined from the
kinematic flow conditions.

L.4 Systems of Equations for the Coefficients of the
Singularity Distributions

The coefficients AO’ Al’ e « . and BO, 32’ « « « according

to equations (18) and (19) are determined for the cascade from the
kinematic flow conditions in the same manner as for the single profile.
For the cascade, however, we shall take as a basis the complete
kinematic flow conditions according to equations (45) and (46). For
the location of the control points we shall also use the three-quarter
chord theorem as we did in the case of the single airfoil. This implies
a hypothesis, the justification of which we shall check later on a few
examples for which exact solutions exist.

If we satisfy the two kinematic flow conditions at n control
points, we obtain 2n 1linear equations for the 2n unknowns

Ay Ay, o . An-l and Byps Bosy + « . By. In the case of the single
airfoil this system was transformed into two systems of n equations
each: 1into one system for AO, Al, « o e An-l’ and a second for

By Bsy . « . By. Both systems could be solved independently of one

another. In the case of the cascade there results generally a system
of 2n equations which only in & few special cases has to be trans-
formed into two systems of n equations each.

By substituting equations (63) and (64) into equations (45) end (L46)
and satisfying the two equations thus formed at the n control points

at the points corresponding to ¢(n) (with v=1,2, . .. n), we

obtain with yj, = y&[:én):} and yl, =i [xgn)] the system of equations
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cpf,n)

BO cot - 2 sin ¢$n) +

- ' ¥
Yaveqo

Be[sin 2¢,(,n) - y('ivg’&e] + B3[sin BCPE,D) - yévsa‘j:l

= yév[? + Bogyo + Ajgyy + A2g7é] r (66)
fo[to - vhuero] * ma[E5: - vhveyy ]+ o[ - vias, )

)

The quantities yév and Ygy are given with the geometry of the profile.
The functions fyO’ f7l’ « « +» and gyO’ 371’ + « « can be taken from

the cascade-downwash tables (in the appendix); in addition to depending
on t/1 and A, they depend on the position of the control point, thus

v
on V. The quantity K = 59 = tan a, determines the direction of the

[>e]
inflow and is to be interpreted as a free parameter.

The system (eq. (66)), is arranged in such a manner that the terms with
Ay, Ay, « . and BO, B2, » + + On the right side are, in general,

small compared to the remaining terms and may be neglected for an
approximate solution.

For the further treatment of the system according to equation (66)
we shall take the case of three control points, thus n = 3, as a basis,
since this case has proved to be particularly suitable for the cascade
calculations and the downwash tables were therefore msde accordingly.
With n = 3, equation (66) is a system of six equations for Agy, Ay, A,

Bps» Bo, Bz. With the abbreviations

’



and with v

BOQOV
AoPoy

- ! * =
Qov T YavBqo

- ! * =
Gy " Yav8a2

- 1
q}v Y3v8

1]

+

Qov

q}y

1 —
ydvg7o B
yévgyl =

yévg72 -

*

a3

S

S

sin 29{3) ( (67)10

ov

1lv

S
2v

BRyy, + B3Q3v =

+ APy + AP,

fqo

fq2
- ' =

53~ YsvBgs = Bsy )

1 to 3, equation (66) obtains the simpler form

30~ Yev8y0 = Boy
31 " Yeu8y1 = Py A (68)

0 = Vg8 = Py,

- ! * =
ysvgq_O ROV

" YavBge = By (69)

|
2}
-

%

Yav + ApSgy + A8y, + AS,,

K + !, - (BOROV + BR,, + BBRia

(70)

1Oror

table 1):

n =3 we obtain the following numerical values (compare

L1
%02
%03

0
-1.1269
-0.8040

9o
90
%23

0.8660 ) = 0
-0.3287 q52 = -0.8765
-0.9213 q33 = 0.9827
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By profile geometry (yé, y§) and cascade geometry (t/1, A) all

coefficients of the system acoording to equation (70) are fixed. The
coefficlents AO to B5 haxe then to be ascertained as functions of

K = tan o, (inflow direction). We can see from equation (70) that all
coefficients are linear functions of K. In order to eliminate the
repeated solving of equation (70), corresponding to the number of different

desired inflow directions, it is suitable to introduce this linear
dependence (as for the single blade in equation (31)) according to

N

Ao = Aop + Khog By = Byy + KBy
Ap = App + KApg Bz = B3y + KBzg

P

and to split the equations into components free from K and involving K.
We thus obtain two systems of six equations each with v =1 to 3.
The first system for the six coefficients AOo to B3O describes the

translational flow parallel to the chord (K = 0, o_ = O) and reads

AooPoy + A10P1y + AooPay = ¥y, - (BogRoy * BaoBoy + B3oRsy) (72)
72
Booov + BagRpy *+ B3oRzy = ¥gy * (AgoSoy * A1y + AoSs,)

The second system yields AOB to B5B as variations of A0 to B
for changed inflow direction and has the form

3

AogFov * A1gPry + AgpPpy = -1 - (BOBROV * BopRoy * BBBRBV)

(73)
Bogloy + BopRoy + B33y = AgpSoy + A1pS1y + ApgSpy

In the general case for staggered cascades with cambered profiles of
finite thickness, we have two systems of six linear equations each, with
§1x unknowns. 1In a few special cases considerable simplifications are
possible for the solution of the systems of equations which we shall
briefly enumerate below.
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4.4.1 Cascades with infinitely thin blades and arbitrary stagger.-
Because of yév = 0 for infinitely thin blades, we obtain

SOV = Slv = 82v = 0 and thus also

Equations (72) and (73) are reduced to

BooPov + A1oP1y * Axofoy = Yy
AogPoy + AygP1y + AggPpy = -1
thus, to two systems of three equations each.

4, 4.2 Unstaggered cascade with blades of arbitrary camber and
thickness.- Because of A = 0 for unstaggered cascades there applies

(compare later section 7.1)

8y0 = 8y1 = 8y2 = g0 = fqp = f43 = 0

Bpg = Bsg = 0, and equations (70) and (71)

Thereby we obtain BOB
are reduced to

BooQoy + BooRoy + B3oRsy = Vi,

(74)

e

AocPoy + A1oP1y + AooPoy = Y4y = (BooRow + BaoRay + BaoRsy)

-1

AogPov + A1pPay + ApgPoy

thus, to three systems of three equations each.

4.4.3 Single profile.- Because of t/l = » for the single profile

Byo = By1 = 8yp = g0 = Tqp = g3 = 0

is valid.

Thus, according to equation (69), Sgy = S1y = Sy = O and conse-
quently BOB = BEB = B3B = 0. Furthermore, we obtain, according to
equations (68) and (65)
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Poy = -1 Py, = cos ¢$5) Ppy = cos 2¢$5)

Accordingly, equations (70) and (71) are again reduced to equation (Th);
now, however, with PO1 to P25 as fixed numbers.ll With these, the

solution of the last system of equation (T4) reads

For the single profile, we have therefore to solve the first two systems
of equation (74) with three equations each. The latter do not agree
exactly with equations (29) and (32) for the single profile. The reason
is that there the calculation was on the basis of the simplified
kinematic flow conditions, equations (15) and (16); here, on the other
hand we use the complete kinematic flow conditions, equations (7) and (8).
In the numerical evaluation, however, the difference for the single
prcfile is very small.

L.L4.4 General case.- In the general case of the staggered cascade
with cambered profile of finite thickness, where two systems of six
equations each are to be solved, it proves to be expedient to choose a
method of successive approximation. Equation (72) as well as equation (73)
is split up into two systems of three equations each. (Compare for more

details later, section 7.2.)%2

4.5 Aerodynamic Coefficients

Below, the formulas are furnished according to which the aerodynamic
coefficients of the cascade can be determined from the coefficients of
the singularity distributions.

4.5.1 Lift.- Equation (4) for the resultant force on a single blade
applies also for the blade in the cascade configuration if we understand
W, to be the vertical mean of W, and W, according to figure 7(e).

1
Ihe numerical values are (compare table 1):

Pyp = -1 Py =05 P, = -0.5
Py, = -1 Py, = -0.1667 P, = -0.9444
PO3 = -1 Py3 = -0.8333 Poy = 0.3889

12Th
. is method corresponds approximately to the one for the single
profile with the simplified kinematic flow conditions.
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A 1is perpendicular to the direction of W_,. If we insert I' from
equation (44) into equation (4), there follows

A = 2pW_t v (75)

or

cp = A/f22 WaL = 4o /W) (£/1) (76)

From equation (4) we obtain with TI' according to equation (34) and with
and A, according to equation (71)
1

CA on @b + % Al>cos Oy,

= 2n [(AOO + % AlO) cos a  + (AOB + -% AlB) sin GOJ (17)

Hence there results for the 1lift increase of the blade in the cascade
for a, = O the expression

de
(é)a . = o (AOB + % A1B> (78)

L,5.2 Inflow and outflow angles.- According to the velocity diagram
in figure 7(a) there applies for the components Woot and Wmn of W,

parallel (subscript t) or, respectively, perpendicular (subscript n)
tc the cascade frent

W

[{}

U, sin A + V_ cos A

(19)

Wan = Wy, = Wy, = Uy cos A -V, sin A
Furtherrmore, we have according to figure T(a) (with Wp = Wmn = Win = Wop
for abbreviation)

2 Lw

"o

cot Bl - cot By =

sin B, =

}:Ibil

8
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and thus
(cot By - cot B2)sin Boo = 2 L/W,, (80)

or, respectively, according to equation (76)
t .
ey = 2 % sin B, (cot B, - cot BZ) (81)

This is the relationship between the lift coefficient and the flow
angles, which is fundamental for the cascade theory.

In addition to the angles Bl, 32, and B, between wl, w2, and

W, respectively, and the cascade front, we shall introduce the angles aq,

ap, and Qg between these velocities and the blade chord. According to
figure T(a) there applies, because of Bs = (ﬂ/2) + A

>\+G1=Bl-(ﬂ/2) al=Bl-st
A+ ay = By - (n/2) ap = B5 - Bg [ (82)
AN+a, =B, - (n/2) G = Beo = Bs |

For the blade in the cascade configuration, the angle «, between the
blade chord and the velocity W, plays the role of the angle of attack

insofar as the resultant blade force A 1is perpendicular to the
direction of W,. (Compare figs. 1(a) to 1(c).)

Between the velocities and angles there apply the relationships to
be seen from figure T(a).

W, +0w U sin A+ v, cos AN+ oW

t
-cot == =
Py W, Uy cO8 A = Vg sin A
—cot B, = Wt - Nt ) U, sin AN+ V_ cos A - Ow
2 Wo U, cos A = V_ sin A
-cot B, = - %(cot B, + cot 52)
W U sinAN+V_cos A
ot _ "o o

Wp  Ue cos A =V, sin A



Hence follows with equation (26)

ten N + K + (1/cos N)(&w/Uy,)

meot By = 1 - K tan A
_tan A + K - (1/cos N)(aw/Uy,)
-cot Bp = 1 - K tan A

-cot B, = (tan A + K)/(1 - K tan A)

where, according to equations (44), (34), and (71)

-3tz 3o+ 1) + bon 4]

00 o
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(83)

(8k)

(85)

(86)

From equations (83) to (86) we can calculate the inflow and outflow

angles as functions of K = tan a, after having first determined
coefficients Agyg, Ajg» AOB’ AlB from the systems according to
equations (72) and (75). If we have obtained in this manner Bl

there follows the velocity ratio W2/ Wl from the continuity equat
according to

we/w1 = sin By /sin B,

The pressure rise in the cascade thus attains, according to the Bernoulli

. 2
equation Py + g Wl = po + % Wg, the form

2
1 o1 sin [31
_g W% sin2ﬁ2

the

a.nd Ba,

ion

(87)

(88)

(88a)
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In the calculations so far, the component of the translational
velocity U, parallel to the chord was used for the formation of

dimensionless velocities. For the final representation of the results
and in the comparison of the theory with test results it is more expedient
to refer all velocities to the inflow velocity W; or the outflow

velocity W,. From figure 7(a) we take for the conversion
wl/Ueo = (cos N - K sin A)/sin By (89)
4.5.% Velocity distribution.- The velocity distribution on the blade

contour is obtained from the velocity Ug on the blade chord according
to equation (37) with

Ug = U, + u = Uy + Wyg + Uyg + UgE + Ugg (90)

The sum of the three terms Uy + UgE + UsG was previously given in
equation (63), the term Uy in equation (20). If we divide up all

coefficients of the singularity distributions according to equation (71),
we obtain US/U°° in the form best suited for the numerical evaluation

(with the upper sign for the upper side, the lower sign for the lower
side of the profile)

=

-8 = * * *
3 1+ BOquQ + BEqu2 + BBqu3 +

8

Aoogyo + P08y * Aoy t

K(AOBgyO + Ajggy * A2ﬁg72) +
\:(AOO cot £ + Ayp s1n @ + Ay sin 2cp> +

K(A.OB cot g + Ay sin @ + Ay sin 2cp>:| | (91)

Once we have determined the coefficients BOO’ BEO’ « o A25 from

equations (72) and (73), we can calculate the velocity distribution
from equations (37) and (91) with the aid of the downwash tables.
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The velocity at the profile nose follows according to equation (38¢)
to be

W

Finally, we obtain from the velocity distribution, by'means of the
Bernoulli equaticn, the distribution of the pressure p on the contour,

in the form
P-D 2
_____E =1 - (HK) (93)

1 o2 W
Epwl 1

4.5.4 Special inflow angles.- If the inflow direction (that is,
K = VL/Um> for a prescribed staggered cascade is varied within sufficlently

wide lirits, flow conditions with pumping effect (pp > Pl) and flow

ccenditicns with turbine effect (p2 < p1> are obtained. Some special
inflow directions also result which we shall now discuss briefly.

The shcck-free inflow is characterized by that inflow angle for
which the minimum-pressure peak at the nose 1s not present. Because of
equation (38a) there applies here

K = tan a g = 'AOO/AOB (9%)

For a cascade free from deflection the inflow and outflow directions
are parallel to one another, thus B; = Bo = By For this cascade the

resultant blade force is zero (CA = O). An unstaggered cascade of

symmetrical profiles is, for reasons of symmetry, free from deflection
when the inflow coincides with the direction of the chord c“l = Qo = Ay = O).

(2]
For a staggered cascade cf symmetrical profiles this is no longer true.
On the ¢ontrary, as will be shown by the exasmples later, for such a
cascade there nmust be, for a flow free from deflection, B, # Bg

(fig. 8(a)). The value of K for the cascade free from deflection results
from ¢y = O according to equation (17)

1
Aoo + 5 P10

(95)
Aop + 3 A

Kea=o = (P80 %) opao
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For an inflow parallel to the chord (al = O) & deflection of the

flow appears for the staggered cascade of symmetrical profiles (fig. 8(b)).

In this case we obtain, because of a; = O according to equation (82),
tan A = -cot By, and thus equation (83) yields

K = tan q, = -(Ax/Um)cos A

With Aw/Uw according to equation (86) there follows

1
Boo + 3 Alo>

1 1
= A
* 2 lB) * cos A

-

2

i
t

The remaining aerodynamic coefficients for these particulasr flow states
result by substitution of the given K-values into the formulas given
above (equations (83) to (91)).

(96)

&

=~
1l
\V
ot

5. CALCULATION EXAMPLES

We shall test the accuracy of the calculation method first on
examples for which exXact solutions also exist.

5.1 The Unstaggered Plate Cascade

The simplest cascade is the unstaggered plate cascade with A =0

and By = 90° for which R. Grammel (ref. 21) indicated an exact solution

which N. Scholz (ref. 22) represented in detail. The exact solution
yields for the efficiency factor & (ratio of the 1lift increase of the
blade in the cascade configuration to the 1ift increase of the single

blade)
de de
Y /AR nl
K = m/(———>E =3 tanh<§€> (97)

0.

and for the ratio of the outflow angle to the inflow angle

cot Bg/cot By = e'“z/t (98)
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The approximate solution yields according to equations (36a) and (78)

:.... l
?.....: i AOB + -2- AlB (99)
[ J ®
..:E.. and according to equations (83), (84), and (86)
i 1 )
cot B I 1
P25 (top ¢ 3 )
For the coefficients of the singularity distributions there applies
according to equations (72) and (73)
AOO=AlO=...=O BOO=B20="'=O
BOB = 282'3 = .. =0
and
) AogPov + A1pP1y + ApgPoy = -1
with
= = = *
POv f§o Plv f;l P2v f72

according to equation (68) for the determination of Aogs Ap, and
AQB' The results of the calculation for three control points (n = 3)
are given in table 5.

Figure 9 shows the efficiency factor « (curve Bg = 90°) as a
function of the pitch ratio; agreement of the approximate calculation
with the exact solution is very good. Figure 10 contains the result
for the inflow and the outflow angles; here also the agreement of the
approximate solution for three control points with the exact solution
is excellent. In table 5 the position of the center of lift (aerodynamic
center) was given also; its x-value we denote by XNeutr® For the single

XNeutr _ 1

Plate the aerodynamic center lies at the point — = i With

narrowing spacing it shifts considerably forward. Finally, figure 11
shows the circulation distribution over the plate chord for several
- pitch ratios. The approximate solution agrees again perfectly with the
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exact solution. Because of the narrow spacing % = 0.5 the rear half

of the plate contributes almost nothing to the 1lift.

5.2 The Staggered Plate Cascade

For the staggered two-dimensional plate cascade, also, there exists
an exact solution (on the basis of the conformal mepping, compare
refs. 15 and 22), although not in closed form. The results of the
approximate calculation for several blade angles Bs are contained in

table 6. Figure 9 shows the efficiency factor. Here again, the agree-
ment of the approximste solution for three control points and the exact
solution is excellent.

On the whole, since these results of the approximation method are
so satisfactory for the cascade also, good calculation accuracy may be
expected as well in other cases for which no exact solutions exist.

5.3 Parabolic Cascade

Whereas no difference between positive and negative angles of
stagger AN exists for the plate cascade, we find that generally, for
cascades with cambered profiles, the arrangements with A< O
(0 < Bg < 90°) have turbine effect; those with A > 0 (90° < g < 180°),

pump effect. The following results, calculated for the entire A-range,
give a first survey of the characteristic differences of the aerodynamic
cascade coefficients for pumping and turbine cascades.

As the simplest case of a cascade with cambered profiles, we shall
treat a cascade of infinitely thin parabolic profiles. With f as the
height of camber, the equation of the mean camber line is given by the
expression for ys(x) in section 3.5.2.

For the parabola as a single profile, the 1lift coefficient is

ey = 2{% + 2<—f—)] (101)

in perfect agreement for the exact and the approximate solutions. The

angle of the shock-free inflow is ag gy =0 with cpq¢ = &%2. For zero

-2t

1ift there applies (a“)cA=O ==
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For the parasbolic profile in the cascade, the camber was based on

the value % = 0.1. Thus, the values according to teble T result for

the inclination of the mean camber line at the three control points.
Table 8 contains the coefficients of the singularity distributions. Of
the extensive results, we shall give only those for the total 1lift.
Figure 12 shows the coefficlents for the 1ift increase. For the unstag-
gered parabolic cascade, agreement with the plate cascade exists, whereas
the 1lift increase for higher A-values 1is considerably smaller than for
the plate cascade in the case of the parabolic cascade with pumping
effect, and considerably larger in the case of the parabolic cascade with
turbine effect. Figure 13 contains the results for the zero-lift direc-

L =z2f o 0.2 =-11.3°
tion. For the single blade (i = ), (QW)CA=O == =-0.2 11.3" 1is

valid. For the other limiting case of the blades spaced very closely

(% = O), we have the blade-congruent flow with a zero-lift angle which

is equal to the angle SH of the end tangent with the chord:
—(aw)c 0= og = &§ = 0.4 = 21.8°. For finite values of the spacing,
A=

the values of lie approximately between these limits for all

Q
angles of stagger. Figure 14 shows the outflow angle a, @as a function

of the inflow angle a,. For the limiting case of the very closely
1

spaced blades (blade-congruent flow, streamline theory), the outflow
angle - independently of the inflow angle - 1s equal to SH (thus

H 21.80). For spacings of finite magnitude, the outflow angle

also depends only slightly on the inflow angle, particularly in the case
of narrow spacing. However, the difference compared to the blade-end
tangent, the so-called exaggeration angle (ref. 27) is considerable, for

-ay = o)

instance, approximately 9° for % = 1.0.

5.4 Cascade of Blades With Symmetrical Profiles

Furthermore, an extensive methodical system of cascades of blades
with symmetrical profiles has been investigated (profile NACA 0010, cf.
sec. 3.5.4). Such cascades are excellent for fundamentel investigations
due to the fact that the angle of stagger need be changed only in one
direction, in the same manner as for the plate cascade and in contrast
to cascades of cambered blades; there exists no difference between positive
and negative stagger angles. This cascade shows, therefore, the thickness
effect in a particularly clear form. Twelve arrangements were calculated,
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namely the blade sngles B, = 90°, 120°, and 150° for the pitch ratios

% = 0.5, 0.75, 1.0, and 1.5. We shall give only a very limited selection

from the extremely voluminous results. Figure 15 shows the efficiency
factor k as a function of Bg and of t/i1. (For comparison, the

values of the plate cascade according to figure 9 have also been plotted.)
As in the case of the single airfoil, the thickness has only a very slight
influence on the lift increase. A particularly remarkable result is
obtained for the zero-1lift direction also contained in figure 15. It is
identical with the inflow and outflow direction of the cascade free from
deflection. Whereas an unstaggered cascade of symmetrical profiles has
the effect of being free from deflection for an inflow parallel to the
chord, a staggered cascade of such profiles gives, for an inflow parallel
to the chord, a deviation in such a manner that the direction of outflow
is turned from the direction of the chord toward the cascade front. The
flow is free from deflection only when the cascade 1s approached by the
flow at a certain angle with respect to the chord. For narrow spacing

and considerable stagger, values C%g of 3° to 4O are attained.
Ca=

The values of are probably about proportional to the profile

((100 )CA=O
thickness. Information regarding this effect may alsoc be found in refer-
ence 23 by B. Eckert.

Figures 16 to 24 contain & small selection from the pressure distri-
butions. It can be seen from the added velocity triangles whether we
deal with pumping or with turbine cascades. For the unstaggered cascades

Bg = 90O the pressure variation 1is of a similar nature as in the case

of the single profile. However, the 1lift loading of the blade in the
cascade lies closer to the profile nose, compared to the single blade.
The entire rear half of the blade does not contribute anything to the

1lift, particularly in the case of na.rrowspacing.l3 For the staggered
cascade (BS # 900), the pressure veriation, for an inflow parallel to

the chord le = O), is different on both sides of the blade. The larger

negative pressure lies close to the blade nose. Narrow spacings even
cause overlapping of the pressure distribution on the upper and lower
sides on the rear part of the blade. If the direction of inflow deviates
from the direction parallel to the chord, a large negative-pressure peak
is always produced at the profile nose. The positive al.-values now

Lwmuch more numerous results for unstaggered cascades, including
the loss coefficients (also for other profile thicknesses and for cambered
profiles) have been presented by L. Speidel (ref. 3).
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correspond to pumping cascades, the negative a; -values, to turbine

cascades. The differences in the pressure distribution are striking,
particularly on the rear part of the blade. For the pumping cascades
the loading on the rear part of the profile increases with increasing
angle of attack; whereas for the turbine cascades, particularly in the
case of narrow spacing, the overlapping of the pressure distributions
already present at @y = O is still increased. The rear parts of the

blades of turbine cascades (particularly for narrow spacings and large
stagger) make, therefore, a negative contribution to the 1lift. For
equal total 1lift we obtain, therefore, larger negative-pressure pesks
on the turbine than on the pumping cascades.

5.5 Cascades of Blades With Cambered Thick Profiles

Finally, we shall report a few results from a voluminous methodical
system of cascades with blades of cambered thick profiles NACA 8410.
(Cf. sec. 3.5.5.)% 1In this case, the influences of the thickness and
the camber are superimposed in the cascade. The blade profile selected
here, of 8-percent camber and 10-percent thickness, is usable both as
a turbine and as a pumping cascade, as has been shown by investigations
on loss coefficients. Twenty different arrangements of this profile
in the cascade configuration were investigated: the blade angles Bg = 300

and 60° with turbine effect, the blade angle Bg = 90° and the angles
Bg = 120° and 150° with pumping effect at pitch ratios 0.5, 0.75, 1.0,

and 1.5. The complete calculation for & cascade from this series may be
found in section 7.2; table 9 contains the coefficients of the singularity
distributions. Figure 25 shows the results for the efficiency factor «
(relative 1ift increase) as a function of the reciprocal pitch ratio and
of the blade angle; for comparison, the variation for the plate cascade
has also been given. For extremely large stagger, corresponding to

Bg = 500 and 150°, large differences between the pumping and the turbine

cascades, and also compared to the plate cascade, appear. Figure 25
contains, in addition, the variation of the 1lift coefficient for a, = O.
For cambered profiles this value is more suitable for characterizing the

1ift curve cAQ;w) than the value given for the former examples, a

for cp = O, because the latter frequently lies in the region of separated

flow, for cambered profiles. Figures 26 to 30 show for all cascades of
this systematic family the inflow end outflow angles. The so-called

l)"'The results of thils section are teken from an unpublished report
by L. Speidel (ref. 24) which also contains extensive results on loss
coefficients.
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exaggeration angle B, that is, the angle between the outflow direction
and the tangent to the mean camber line at the trailing edge, is given
in the range of the inflow angles Bl for which no significant flow

separation occurs (according to the boundary-layer calculations not given
here). For wide spacings this angle exaggeration always has higher values
than for narrow spacings. We note, however, that the amount of & is,

in addition, considerably modified by the friction effect. Furthermore,
we see from figures 26 to 30 that for turbine cascades Bs = 300 and 60°

the range of permissible angles of attack a, of the cascade is con-
siderably larger than for pumping cascades (Bs = 120° and 150°>.

Figure 31 shows the velocity distribution along the profile contour
for the calculation example according to section 7.2 for several K-values.
A comparison with figure 6 shows that, particularly on the suction side,
the pressure distribution in the cascade deviates considerably from that
on the single profile. In figures 32 to 98, finally, a large number of
pressure distributions has been compiled. For the pumping cascades,
usable pressure distributions result in a renge 4o of the inflow

angle s referred to the blade chord, which amounts at most to about
Lo, = 20°; for turbine cascades, in contrast, up to &g = 70°. This

is in good agreement with experience, according to which pumping cascades
in general are much more sensitive to variations of the inflow angle
than are turbine cascades.

We shall omit giving more details on the pressure distributions
since the latter represent, primsrily, the starting point for the calcu-
lation of the loss coefficients which we shaell not treat in this report.

6. COMPARISON WITH TEST RESULTS

In cecnclusion, we shall give, to a limited extent, a comparison of
the theoretical results with measurements, with the aid of the pressure
distribution on the profile since this is rather sensitive to variations
of the geometric parameters and of the inflow angle, and also is rela-
tively 1little influenced by the viscosity effects (neglected in the
theory) as long as no strong separation occurs. The pressure-distribution
measurements on two-dimensional cascades with the blade profile NACA 8410
have been teken from extensive systematic measurements of N. Scholz.

The two-dimensional cascade tunnel used for the measurements has been
described in detail in references 1 and 25.12 The following parameters

15Compare also reference 26, especially figure 1 on page 130 of
that report.
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could be varied: the pitch ratio t/1, the angle of stagger A Bg - 90°,
and the inflow angle B1. The length of the blade chord was 1 = 200 mm,

the height of the blade h = 600 mm. The aversge blade was provided, in
its center section, with 28 pressure-tap orifices distributed over the
circumference. Particular care was used in order to obtain a two-
dimensional flow. For this purpose, the side walls of the cascade tunnel
were provided with a suction device (porous walls). The outflow velocity
was for all tests approximstely Wé = 40 m/s; the Reynolds number

referred to the outflow velocity and the blade chord was therefore
wal/v ~ 6 x 10° and the Mach number relative to the sonic velocity ¢

was M2 = Wz/c = 0.12; the flow showed, therefore, incompressible behavior.

In figures 99 to 112, a small selection from the pressure-distribution
measurements has been compared with the theoretical results above; table 10
contains the pertaining 1ift coefficients c, and outflow angles Be.

Figures 99 to 104 show, for constant spacing (% = l), the variation of

the pressure distribution with the angle of attack s for the turbine

cascade with B = 60° and for the pumping cascade with B, = 120°.

No separation occurs for the turbine cascade; whereas the pumping cascade
shows, on the suction side, a slight separation at @ = 150 and a

somewhat more marked one at aj = 20°. The agreement between calculation

and measurement is excellent for the turbine cascade; it 1s not quite as
good for the pumping cascade, because of this separation, but on the
whole still quite satisfactory. Figures 105 to 112 show the variation
of the pressure distribution with the pitch ratio t/l for constant
angle of attack a,, for a series of turbine cascades with B, = 60°

and pumping cascades with Bg = 120°. Here, the agreement of the

calculation with the test is very good for both turbine and pumping
cascades; particularly, if one takes into consideration that the theo-
retical pressure distributions do not contain the friction effect.

T. DETAILS OF THE CALCULATION

T.1 Calculation of the Tables of Functions for the Induced Velocities

The induced velocities u7G’ v7G, qu, and v of the remainder

qG
of the cascade must be calculated numerically as functions of the pitch
ratio t/1, of the angle of stagger A, and the relative coordinate x/1
along the chord. These velocities are defined by equations (53) to (56)
with the influence function F according to equation (50). Since we
obtain for A =0 also J(F) =0
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(uyG) A=0 =0 (VQG) A=0 0 (102)

is valid. 1In addition, there exist, as can be easily determined, the
following symmetry relations

uy(}( -N) 'Uyg( A) Vy(}( -\) = Vy(}(7\)

(103)

qu( -\) qu(?\) qu( -A) = -qu(7\)

Thus it is necessary only to calculate the downwash functions for
positive stagger angles A.

If the series expressions according to equations (18) end (19) for
y(x) and q(x) are introduced into equations (53) to (56), one obtains,
with @' as the @-value pertaining to x', by comparison with equa-
tions (57) to (60), the formulas for the downwash functions

)

1
_ 1 @ g '
gyO = -z j;'_:o cot 5 J(F)ae
1 fl &
=1 sin 9'J(F)ae" (10k)
gyl t §,=O

1
&= - % fg'=0 sin(29')J(F)ag"

<

fyo = - % u/:"=o cot % R(F)at"’
1l ! 1 1 L
-1 fgo sin 'R(F)at (105)
F_=-2 fl sin(29' )R(F)as’
72 t Jgr=0
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N
. [t Q!
840 = ¢ /§'=O (:ot 5 - 2 sin CP)R(F)dg
. .1
g = 2 /§'=O sin( 29" )R(F )t * > (106)
\l
g5 = L jg s1n(39' )R(F)ds
..................... J
N )
= - l ' L’ - 1 1]
£40 : ~/g'=o <cot 5 2 sin cp) J(F)de
1
te - -1 [ sin(enama , (207)
t Jero
s 1
f3=- % f§|= sin(3t')J(F)de
.................... . .J

The influence function F depends, according to equation (50), on
(¢ - £')1/t and A. Its real and imaginary parts arel

x=-x' X=X
cos A sinh (21( =g cos 7\)+sin A sin(2x = sin 7\>
cosh<2n: x-Tx' cos 7\> - cos (E:t l—'t—x-'- sin 7\) n(x-x')
(108)

R(F) =

lsCompa.re reference 4, especially equations (16a) and (16b) on
page 29. There one finds alsc in the table 1 on page 30 the numerical

- 3!
velues of R(F) and J(F) for (x-x') 0 to = for angles of
stagger A = 0°, 15°, 30°, 45°, 60°, 75°, and 90°.
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1

sin A sinh (2:1 ?i-;—x

cos 7\) - cos A sin(E:r X ; X' sin )x)

J(F) = , -
cosh (2:\: 3—?5— cos 7\> - cos (2:\: x;_x_ sin 7\)

(109)

We need calculate only the functions 370’ g‘rl’ o s ey

f70, fyl’ « « « of the circulation distribution. The functions
gqo, gqg, .« o ey qu’ fqe, + + « of the source distribution then
result very simply according to the relationships following from
equations (104) to (107)

80 = “Tyo t 2y f0 = &0 - 28

8q2 = ~fy2 gje = -2 fq2 = &2 > (110)

83 = Ty3 &3 = T3 g3 < &3

Because of equations (102) and (103) there applies for A =0

g7o=g7l=g72=...=0

(111)
fqo=fq2=fq5‘—" « « =0
and for arbitrary A-values
&yo(-A) = -g,o(N) gqo{-M) = g40(R) |
-A) = - A) “A) = A
371( ) 5 371( sqa( : 3q2( ) | (112)
£yo(=A) = £36(A) £q0(-N) = ~£50(A)
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The downwash functions were calculated for piteh ratios 7= 0.5,

0.75, 1.0, 1.25, 1.5, and 2.0 and for stagger angles A = 0°, 15°, 30°,
45°, 60°, and 75°. The Simpson rule, based on 20 points, served for
calculating the integrals in equations (104) and (105). The results
have been compiled in the cascade downwash tables in the appendix.

7.2 Example for the Determination of the Coefficients in the
Singularity Distributions and of the Aerodynamic Coefficients

For clarification of the entire calculation process, we shall fully
calculate here, as an example, a staggered cascade with cambered blade
profiles of finite thickness. This is the most general case where no
simplifications occur in the solution of the systems of equations for
the coefficients of the singularity distributions.

The calculation procedure consists of four steps:

1. Determining the coefficients of the systems of equations
(equations (72) and (73))

2. Solving these systems of equations for the coefficients
of the singularity distribution

3. Calculating the aerodynamic coefficients

L, Calculating the velocity distribution along the blade
contour.

The first step, tables 11 and 12, requires, aside from writing
down the fixed values Yyr Gpyr I3y (compare also table 1), deter-

mining the slope of the mean camber line and of the thickness distri-
bution at the three control points. Then the values of the 10 downwash
functions at the three control points have to be taken from the downwash
tables of the appendix (columns 8 to 17 in table 11), and with them the
coefficients QOv’ o« . ey POv’ o« o sy ROv’ o o ey SOV’ « « + have

to be calculated according to equations (68) and (69) (table 12).

The second step includes writing down the systems of equations,
equations (72) and (73), according to table 13, and their solution,
table 1%, A method of successive approximation is used. Both systems
are split up into two systems of three equations each. For the first
system of equation (72) one may use the method of first solving the
first three equations with the assumption Boo = By = Bzg = 0. The

values of AOO’ AlO’ A20 thus obtained are substituted into the right
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sides of the last three equations of this system, which now yield
Byyr Bogo B50 (first approximation). With these values one enters

into the right sides of the first three equations and obtains improved
values of Ayy, A, Ap (second approximation), etc. This method

converges very rapidly in all cases. (In table 14 we had to calculate
only up to the third approximation.)

In the third step, the aerodynamic coefficients are calculated
(inflow and outflow angles, lift coefficient, pressure gradient in the
cascade, inflow and outflow velocities). Equations (83) to (89) are
available for this purpose. Table 15 contains the results. The contour
velocity, resulting in the fourth step from equations (37) and (89) to
(91), from which follows the pressure distribution on the blade according
to equation (93), have already been shown in figure 31.

8. SUMMARY

A simple method for calculating the frictionless incompressible
flow through a two-dimensional cascade is described for the so-called
second main problem where the entire blade and cascade geometries are
prescribed and the aerodynamic coefficients and the pressure distribu-
tion are desired. The calculation method is set up in such a manner
that each geometric parsmeter (pitch ratio, stegger angle, and blade
profile) can be varied independently of the other parameters. The
method represents a transfer of the theory of the single airfoil,

according to W. Birnbaum and H. Glauert, to the cascade; thus a singularity

method where every cascade blade is replaced by continuous vortex and
source-sink distributions which are expanded into a series, according

to H. Glauert. For the circulation and the source-sink distributions,
there result two coupled integral equations whose solution, with the

aid of the three-quarter-chord theorem, may be reduced to the solution
of two systems of linear equations. The coefficients of these systems
of equations are formed from the dimensionless induced velocities of

the cascade which depend on the pitch ratio and the blade angle of the
cascade. This induced velocity field of the cascade has been calculated
universally (cascade-downwash tables) so that, for a prescribed cascade,
essentially only two systems of six linear equations each have to be
solved. Solutions according to this approximation method for the single
profile and for the plate cascade agree well with the two known exact
solutions. Furthermore, numerous cases have been calculated for cascades
with a parabolic profile, with a symmetrical NACA profile, and with a
cambered NACA profile. Measured values of the pressure distributions on
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the blade, which have been taken for the case of the cambered NACA profile,

show good agreement with the calculated distributions for pumping as well
as for turbine cascades.

Translated by Mary L. Mshler
National Aeronautics and Space Administration
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TABLE 3

o7

SLOPES OF THE TANGENTS AT THE THREE CONTROL POINTS FOR THE

NACA 0010 AND 8410 PROFILES

Relative|NACA 0010 profile NACA 8410 profile
Number of| distance
control from the|Tangential slope |Tangential slope |Tangential slope
point, leading {of the thickness |[of the thickness| of the mean
v edge, distripution, distripution, cambe{ line,
xv/l Yavy Ydv Ysv
1 f%==0.250 0.0210 0.0156 0.150
2 i%:=o.585 -.0660 -.0635 -.105
3 $ =0.917 -0.1055 -.1024 -.201
TABLE 4

COEFFICIENTS OF THE SINGULARITY DISTRIBUTIONS FOR THE

NACA 0010 AND 8410 PROFILES AS SINGLE PROFILES

a calculated from the simplified kinematic flow conditions,
equations (15) and (16); b calculated from the complete
kinematic flow conditions, equations (6) and (7).

NACA 0010 profile NACA 8410 profile
Coefficient
a b a b

Aoo 0 o] -0.0332 | -0.0538

Ao 0 0 .3229 3472

Aop 0 o} .0894 .1153

Bo 0.0716 0.0700 0.0728 0.0713

Bo L0242 .0275 .0180 .020k4

. Bz -.0260 -.0187 -.0278 -.0213
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TABLE 6

RESULTS OF THE APPROXIMATE CALCULATION

" FOR THE STAGGERED PLATE CASCADE

Approximate Calculation for Three

Control Points (n = 3)

Efficiency
Coefficients factor of
Blade angle,|Pitch ratio, the 1lift
Bs t/1
Aop Aip Aop K
0.5 0.6270 | -0.5168 | -0.1224 0.359
o .75 L7415 | -.4102 | -.0384 .53%6
60 1.0 .8203 | -.3015 | -.0034 .670
2.0 OUTT | -.0968 | +.0026 .89
® 1 0 0 1
0.5 0.7302 | -0.5568 | -0.0990 0.452
° .75 8131 | -.3176 | +.0573 654
L5 1.0 8926 | -.1632 .0629 811
2,0 .9891 | -.0139 .0083 .982
o 1 0 0 1
0.5 0.9207 |-0.5679 | -0.0090 0.637
75 L9131 | +.0300 | +.3350 .928
30° 1.0 1.0243 .2015 .1788 1.125
2.0 1.0455 .1023 .0071 1.097
oo 1 0 0 1
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TABLE 7

SLOPE OF THE MEAN CAMBER LINE OF THE PARABOLIC

PROFILE WITH THE CAMBER

% - 0.1 AT THE THREE

CONTROL POINTS

Number of control point, 2 3 ————
v
Relative distance, 3/12 7/12 11/12 ] 1
Xv/_z
Slope, ygv 0.2 | -0.0667| -0.3333 | -0.4
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cece TABLE 14

SOLUTION OF THE SYSTEMS OF EQUATIONS OF TABLE 13
BY SUCCESSIVE APPROXIMATION: NACA 8410 BLADE
PROFILE, PITCH RATIO %:&ﬁ,

BLADE ANGLE Bg = 120°

Coefficient 1st approximation { 2nd approximation | 3rd approximation

Ago -0.0455 -0.0885 -0.0873
Alg .2578 .3169 3153
Ao .0989 .1219 .1213
Boo 0.0735 0.0702 0.0701
Bog .0211 .0220 .0220

‘ Bzg -.0218 L0184 -.0184

|

’ AOB 0.7232 0.7429 0.7431
Ag - 4652 - 4921 - .h9es5
Axp -.0395 -.0498 - .0499
BOB -0.0374 -0.0379 -0.0379
BQB -.0037 -.0038 -.0038
Bzg 0.0165 0.0166 0.0166
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TABLE 18

TABLES OF THE RESULTING DOWNWASH FUNCTIONS ACCORDING T0 EQUATION (65) FOR THE THREE CONTROL POINTS

s N t/1 = 2.0 t/1 = 1.5 t/1 = 1.25
£ ) X
deg [aeg| ! |103¢% 10323 [105e%, (103635 (103850 103250 | 1036} (10363, |1032)5 {10365 103850 | 103851 {103¢5, [103e}5 | 1035,
.]?_2_ -1,001 549 548 |.1,002 | 2,100 |-1,004 585 -58 |-1,005 | 2,L7%{ -1,007 619 -615 [-1,009 | 2,244
90 [} .7]5 -1,131 | -183 -994 483 765 | -~1,226 -195 {-1,030 183 836 -1,320 -207 | -1,065 485 905
% 41,250 | -91h 343 1881 -578 f-1,818 | -971 315 193 | -524| -1,573 [ -1,025 286 198 | 477
fe. -1,001 | 543 | -sw2 |-1,001 |2,087 |-1,002 576 -574 | -1,003 [2,153 | -1,004 607 | -604 |-1,006 | 2,218
105
or |15 é -1,116 | -181 -987 L82 754 | -1,203 -192 |-1,020 L83 819 { -1,286 -203 | -1,052 L84 881
5
11% -3,224 | -905 348 187 | -585 |-1,382 | -957 319 191 | -532 | -1,526 | -1,007 293 195 | -488
1_52. -1,000 | 526 | -526 |-1,000 {2,052 |-1,000 548 -548 | -1,000 2,097 | -1,000 50| -5710 | -999| 2,140
(1;0 130 .32. -1,070 | -175 -970 482 720 1-1,129 -183 -991 48 764 | -1,190 -190 | -1,013 481 809
& 11% -1,146 | -878 362 185 | -610 | -1,267 -915 340 185 | -563 | -1,386 952 317 185 -518
515 -1,000 | 502 | -503 | -999 (2,004 | -998 | 506 | -508| -996 {2,011 | -g9k| s12| -506| 991| 2,020
i? 145 i-.Lz_ -1,005 | -167 -9k6 wer 671 | -1,017 -168 -8 480 681 { -1,035 -170 952 479 695
¥ % -1,026 | -838 384 183 | -651 |-1,080 | -848 374 178 | -617 | -1,154 [ -863 358 2| 513
JQ 2,000 476 | -476 | -999|1,950 | -997 | u60 4611 -1,000 {1,907 | 995} uh5| kw9l -992| 1,806
150 -
or | £60 _172_ -935 | -159 -920 -481| 618 -893 ~153 -903 480 587 -B854 -8 | 886 419 558
30 i2_l 882 | -794 411 183 | -706 828 | -770 u21 178 | -713 87| 752 423 168 -688
% -1,000 455 455 {-1,000|1,909 | -1,001 418 -419 | -1,001 {1,836 | -1,002 380 =381 |-1,002 | 1,762
1
;5 15| | 818 -12 | -0 uge| 5715 | -te0 | 139 [ -85 uée| son | 6771 127 -Be9| uBa|  hek
B % -9 | =757 435 185| -765 | -1,941 ] -6% A7 186 | -89 -3400  -631 513 186 -923
8 t/1 = 1.0 . t/1 = 0.75 t/1 = 0.5
8| 7 Py
aca | deg| T | 03¢k [ 103e% [ 10368, [ 103e0s [ 1036l ) 103¢%g | 10363, [ 10363, | 103} |103ato] 20323 | 10325, | 10583, [ 1038} | 103e}y
fE -1,008 68| -6701}-1,019(2,372 | -1,035 T4 | =776 -1,045 | 2,623] -1,128| 1,059 -1,011 |-1,133| 3,236
% | 0 -'1% -1,476| -228| -1,129 w8y | 1,021 | -1,778 -269 | -1,257 500 | 1,241} -2,457| -362}-1,567 539 1,734
% -1,8%0 | -1,122 242 210| -u15 | -2,271 | -1,2%2 171 20 | -3l4} 23,232 -1,680 36 319| -149
% -1,009| 662|665 |-1,003) 2,3% | -1,005 70| <756 -1,033 | 2,564| -1,091| 1,023 -983 [-1,110] 3,138
1
035 £15 1% -1,432)  -2z2| -1,110 u86| 989 | -1,718 260 | -1,227 uoh { 1,199 -2,372( -350( -1,518  -328{ 1,673
v % -1,766 | ~1,093 52| 205| -b1g | -2,205 -1,258 178 231 | -312] -3,132| -1,638 k2 305( -145
fz -997| 611| -610| -998|2,219 | -999 697| -695|-1,000 | 2,393] -1,003| 918 895 |-1,042| 2,853
ol aso| Tl -vies8| o3| 05| el e |-um7| .k |-Lu8| w19 | Lm0 -2zel 313|379 ksl Lus
60 J-]i- -1,592| -1,018 276 1881 -4u5 | -1,977 | -1,155 203| 2,016 334) 2,806 -1,485 65 267 -165
2| se|  smf 51| 9% 2,046 { 961 seL| 59| 957 | 2,123] ~gou| us| 756 | -93u| 2,39m
‘1313_5 s % -1,084 -175 -963 74 735 | -1,2% -191 -998 L61 8s3] -1,716 250 | -1,149 4331 1,217
¥ Ll ass| -9l sek| el ke |onem | ] -ake|  wel -swf 2300|-e8) 01| %) am
‘132- -984 k25 -435 -9751 1,835 -G g -k50 -91k | -1,78 -T16 512 -581 -783| 1,80
P ol L] o] | -mr| wm| s | e | o -ms| ase| osm| 96| ass| -mo| 5| e
30 l]é -902 -738 hoh 136 -575 | -1,186 -768 316 %6 <3494 -1,651 -918 W1 98 -186
112_ -1,004 310{ -311 -1,004] 1,62k -986 97| -228| -930| 1,38 697 25k | bk ]| sk 1,165
165
or | a7s| | 48| -lowl 7L ke e8| - 2| -612| bk 7| 68| 39| -soe] 25| 603
» Ll 22| o9l 38| 16| g6 | b0 | 3| 18| 69| -ie7| -e06| mws| am| 33| .28y
Bg arbitrary t/l =
E'S
U 107,60 | 107251 | 1032, 103,35 |10%gg0
fz- 41,000 | 500 | -500 [-1,000 | 2,000
315 -1,000 | -167 [ -9uk 48 667
|00 | 833 | 38 185 | -667




(a) Velocity diagram.
(b) Cascade.
(c) Blade with pressure distribution.

Figures 1(a) to (c)

Main symbols on the blade cascade: a blade of the cascade; b cas-

cade front or direction of cascade front; c¢ mean camber line;

d pressure side; e suction side; 1 length of blade chord;

t spacing; A angle of stagger (negative, since shown as a turbine
cascade); PBg=90°+ AN Dblade angle; x coordinate in the direc-
tionof I; y coordinate perpendicular to the direction of 1;

Py static pressure far in front of the cascade; pg static pres-

sure far behind the cascade; p(x) static pressure along the blade
contour; 341 inflow angle; Pg outflow angle; B, angle of the
translational velocity W, with respectto b; U, component of
W, 1inthe x-direction; V_ component of W_ in the y-direction;
W1 inflow velocity far in front of the cascade; Wg outflow veloc-
ity far behind the cascade; A lift (resultant force on a blade in
frictionless flow) with the components; T parallelto b; and

N perpendicular to b.
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Blade profile.

Mean camber line.

Representation of the mean camber line by a vortex distribution.
Uncambered profile (thickness distribution).

Representation of the thickness distribution by a source distribution.

Figures 2(a) to (e)

Subdivision of a profile into mean camber line and thickness distribution

according to equations (1) and (2). x, y, !, W_, U,, and V_ as
in figures 1(a) to 1(c); a blade chord; yg coordinate of the mean
camber line; y, coordinate of the upper side of the blade;

¥y coordinate of the lower side of the blade; yq coordinate of the

uncambered profile (thickness distribution) in the y-direction;
d maximum thickness of the uncambered profile; f maximurm
displacement of the mean camber line (camber); «a, angle between
W_ and a; +y(x) vortex distribution (circulation per unit length);

and q(x) source distribution (plus sign for sources, minus sign for
sinks).
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(a) Mean camber line profile (first condition).
(o) Uncambered profile (thickness distribution, second condition).
Figures 3(a) and (b)

On the derivation of the kinematic flow conditions. X, y, U, V>

W, asinfigure 1; a mean camber line with the ordinate yq(x);

b cascade front; ¢ cascade-outflow plane; d uncambered profile
- with the ordinate y4(x); and q(x) source distribution.
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Figure 4. - Thickness distribution and contour-velocity distribution
for symmetrical approach flow for the NACA 0010 profile as a

single profile.

tion (40) and to equations (37) and (38), dashed curves for actual

variations.)
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Figure 5.~ Thickness and camber distribution for the NACA 8410 pro-

file.

Solid curves for approximation, dashed curves for actual

variations.

Relative contour velocity Wy /Wy

(Solid curves for approximation according to equa-
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Figure 6.~ Distribution of the contour velocity for the NACA 8410
profile at various angles of attack «_. Curve a corresponds to
the coordinated symmetrical profile for symmetrical approach flow.
W _ aprroach-flow velocity; lift coefficient cp and angle-of-
attack parameter K = tan au = Vp/Ue according to:

-7.30 20
% | (zero | 0° |(shock-free | 4° o 8% 10° | 120
1ift) inflow)
cal O 0.80 1.01 1.24 |1.46 |1.87 | 1.88 |2.10
K |-0.130 |0 0.034 0.040 | 0.105 | 0.141] 0.177 | 0.213
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(a) Velocity diagram.
(b) Cascade.
Figures 7(a) and (b)

Velocity diagram for the staggered two-dimensional cascade. a, b, I,
t, and A are positive since drawn as a compressor cascade. fg,

B1, By B,y W, U,, V,, Wi, and Wy are the same as in

figure 1. Furthermore, ¢ is chord; @1 is angle between ¢ and
Wiq; a@g is angle between ¢ and Wg; W_, is componentof W,
normalto b; W_; is componentof W, tangentialto b;and fAw is

induced velocity parallel to b far in front of the cascade and far
behind it, respectively.



(a) Cascade free from deflection (with W4 parallel to Wo, B1>8 s?
and pertaining angle of attack (a,)q A=0 according to equation (95)).

(b) Cascade with inflow parallel to the chord (deflection toward the
cascade front).

Figures 8(a) and (b)

Staggered cascade of symmetrical profiles. a profile; b cascade
front; ¢ chord; Wi inflow velocity; Wg outflow velocity;
By inflow angle; Bg outflow angle; and Bg blade angle (angle
between ¢ and D).
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equation (97)
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Figure 9. - Dependence of the efficiency factor
increase, according to equation (97), on the pitch ratio t/I for
a flatplate; b cascade front; ! length

the flat-plate cascade.
of blade chord; t spacing; Bg angle between chord and b;

translational velocity; and «_, angle of attack.

k for the lift
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Figure 10.- Dependence of the ratio cotBgo/cot 81 on the pitch ratio

for the unstaggered plate cascade. (Symbols as in figures 1(a)
to (c).)
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Figure 11.- Circulation distribution over the length of the plate chord
for the unstaggered plate cascade. (Symbols as in figures 1(a)
to (c); for t/l =«, approximate and exact solutions coincide.)

3.2
Uoo |
L)
le/woo l—’x t
4
24 ™ -~ ] ——
>’8
S
S — — — Approximation
% Exact
o |.6
k)
2 N
S PN
(14 \
0.8 \
N
\\- — \ ~
0 0.2 04 0.6 0.8 1.0



Efficiency factor «

O

O
&)

Parabolic cascade
——— Plate cascade
L )
\\\
// //’_—-__\_‘“‘~\‘,
/7
//

‘,33=3O°/\ o I
/\ b g

yd -

/ /// /Qg,/// = |120°
/ / /,/ ~ i L\/
7 -
/ // fo0) S
1/' 1// t
// 7 f
V. 4 ¥
na—
0.5 1.0 1.5 20
Pitch ratio t/1
Figure 12.- Dependence of the efficiency factor « for the lift

increase according to equation (97) on the pitch ratio t/I for

parabolic cascades of the camber ratio

results for plate cascades.

l

0.1 compared to the

(Symbols as in figure 2(b); for plate

cascades, the same variation results for Bg= 30° and 150°, and
for 60° and 120°, respectively.)
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blade angles Bg. a value of the single blade ; b value for blade-
congruent flow; other symbols as in figure 2(b).
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figures 7(a) and (b).
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Explanatory sketch to figures 16 to 24
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Figures 16 to 24
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Pressure distributions on the blade contours for cascades of blades
with NACA 0010 profiles. Curve a for pitch ratio -;'- = 0.5;
curve b for pitch ratio :l£'= 1.0; solid curves for the upper side
¢ of profile; and dashed curves for the lower side d of profile.
(The cascade arrangements sketched apply for ;— = 0.5; the

velocity diagrams apply for both pitch ratios.)
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Figure 31.- Velocity distribution on the blade contour for the calcula-

tion example treated later in section 7.2 (compare table 15).

NACA

8410 blade profile, pitch ratio = 0.75, blade angle Bg = 120°;

values of K = tan @, for angle of attack @, according to:
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Figures 32 to 43

Pressure distribution on the blade contour for cascades of blades with

NACA 8410 profiles, for a blade angle fg= 30°. (Solid curves for

upper side, dashed curves for lower side of the profile; x, I, p, Py,
p, and Wq as in figures 16 to 24.)
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Figures 86 to 98

Pressure distribution on the blade contour for cascades of blades with
NACA 8410 profiles, for a blade angle Bg= 1500, (Solid curves

for upper side, dashed curves for lower side of profile; x, 1, p,
Py, P, and W, as in figures 16 to 24.)
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(See preceding page for further information.)
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Figures 99 to 104

Comparison of measured and calculated pressure distributions on the
blade contour for cascades of blades with NACA 8410 profiles, for

a pitch ratio §—= 1.0. Measurements for a Reynolds number
Wo ‘l’_ ~ 6 x 109; solid curves calculated for upper side of profile a,

dashed curves for lower side of profile b, curves with open circles
for measured variation on upper side of profile, curves with filled-in
circles for measured variation on lower side of profile, point for
beginning of the separation denoted by A.
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Figure 102. - o = 10%;

08 —w

04—

Bg = 60°.

¢!
e

0 04 08

Relative distance x/1

Bg = 120°.

-

2

Q.IN

= oL~

0 ==
& 3
g

[

5 &

b

he

o 2 W\ A
&-3FW

s | []
3

5

&

R
(0] 04 08
Relative distance x/1

fS

Figure 100. - @ = 15°;
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Figure 103.- a, = 15°%;
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Figure 101.- ay = 25°%;
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Figure 104.- a4 =20%;
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Explanatory sketch to figures 99 to 104



Figqures 105 to 112

Comparison of measured and calculated pressure distributions on the
blade contour for cascades of blades with NACA 8410 profiles, for
various pitch ratios t/I, blade angles Bg, and angles of attack .
(Symbols and explanations as in figures 99 to p04; measurements at

a Reynolds number Wz% ~6 x 10°,)
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Figure 105. - ;—= 0.5;
O. =
Bg = 60°; ay = 16°.
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Figure 109. - §—= 0.5;
Bs = 120%; a; = 10°,
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Figure 106. - 11:-=0.75;
= . — 150
Bg = 60°; ay = 15°.
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Figure 110. - §-= 0.75;
Bs = 120%; ay = 10°.
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Figure 111. - §-= 1.25;
Bs= 1209, = 10°,
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Explanatory sketch to figures 105 to 112
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Figure 108. - 'l‘—= 1.5;

Bg = 60%; oy = 15°,
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Figure 112. - ;—= 1.5;
Bg = 120°; oy = 10°.
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